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MINIMIZING CONES
ASSOCIATED WITH ISOPARAMETRIC FOLIATIONS
Zizhou Tang and Yongsheng Zhang
Abstract
Associated with isoparametric foliations of unit spheres, there
are two classes of minimal surfaces − minimal isoparametric hy-
persurfaces and focal submanifolds. By virtue of their rich struc-
tures, we find new series of minimizing cones. They are cones over
focal submanifolds and cones over suitable products among these
two classes. Except in low dimensions, all such cones are shown
minimizing.
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2 ZIZHOU TANG AND YONGSHENG ZHANG
1. Introduction
Minimizing hypercones have fascinating originations and active de-
velopments in geometric measure theory, for example, the pioneering
works: Fleming [Fle62], De Giorgi [DG65], Almgren [Alm66], Simons
[Simns68], Bombieri-De Giorgi-Giusti [BDGG69] for solving the cele-
brated Bernstein problem.
Many types of homogeneous minimizing hypercones beyond Simons
cones were discovered by Lawson in [Law72]. Later [Sims74, Sims73]
added that C2,4 over minimal Clifford torus S
2
(√
1
3
)
× S4
(√
2
3
)
⊂
S7(1) is minimizing (also see [Zha16]) whereas C1,5 is only stably min-
imal. Although lots of examples had been found, a complete list of
homogeneous minimizing hypercones remained unknown until the im-
portant work of Lawlor [Law91]. Rather than in the entire Euclidean
space, Lawlor searched for a structure similar to the characterization
foliation of a minimizing hypercone discovered by Hardt-Simon [HS85]
in certain angular neighborhood of the cone under consideration.
More flexible than homogeneous foliations are the isoparametric ones.
In 1985, Ferus and Karcher [FK85] successfully constructed the char-
acterization foliation for almost all minimal isoparametric hypercones
of OT-FKM type (see §2 below or [OT76, FKM81] for more details),
and hence showed each of them minimizing.Thereafter, to figure out a
complete classification of minimizing isoparametric hypercones became
important in the subject. Based on the method of [FK85], an explicit
list was given in [Wan94]. However, the arguments for strict minimality
in his §9 were invalid due to the inaccurate Remark 9.17 on a correct
formula in [HS85]. We shall give an alternative proof in §2.
Since a tangent cone (at some point) of an area-minimizing rectifiable
current is itself area-minimizing (Theorem 5.4.3 in [Fed69], also see The-
orem 35.1 and Remark 34.6 (2) in [Simn83]), the study of minimizing
cones of higher codimensions is of equal importance. Besides minimal
isoparametric hypersurfaces, another class of minimal submanifolds as-
sociated with isoparametric foliations are focal submanifolds. By the
efforts of [Law91, Ker94, HKT00, Kan02, OS], cones over focal subman-
ifolds of homogeneous isoparametric foliations with g = 3, 4, 6 distinct
principal curvatures and multiplicities (m1,m2) 6= (1, 1) had been shown
minimizing. In this paper, we shall consider cones over general focal
submanifolds.
In §3, we establish
Theorem 1. Cones over focal submanifolds of isoparametric folia-
tions with g = 4 and (m1,m2) 6= (1, 1) are area-minimizing.
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Remark 1.1. Lots of them are inhomogeneous v.s. those equivariant
minimizing cones constructed in [XYZ18]. It should be remarked that
for some inhomogeneous isoparametric foliations their focal submani-
folds can possibly be homogeneous. For details readers are referred to
[FKM81].
Remark 1.2. For g = 4,m1 = m2 = 2, both C(M+) and C(M−),
the cones over the focal submanifolds M+ and M−, are minimizing and
of dimension 7 in R10. Moreover, since the vanishing angle is less than
pi
8 =
1
2 · pi4 , their union C(M+
⊔
M−) wth either orientation combination
is minimizing as well.
Remark 1.3. When Mt for t = + or − is nonorientable, C(Mt)
is minimizing in the sense of mod 2 (see [Zie62]). For g = 4 and
(m1, m2) = (1, k), M+ is diffeomorphic to V2(Rk+2) and M− is iso-
metric to S1×Sk+1/Z2 (see [TY13]). It can be proved without difficulty
that the latter is orientable if and only if k is even.
Our investigations for g = 3 and 6 lead to
Theorem 2. ([Ker94,Kan02, OS]) Cones over focal submanifolds of
isoparametric foliations with g = 3, 6 and (m1,m2) 6= (1, 1) are area-
minimizing.
Question. It will be interesting, for a complete classification, to ask
whether cones over focal submanifolds of isoparametric foliations with
g = 3, 4, 6 and (m1,m2) = (1, 1) are minimizing. By Cartan, for g = 3
and (m1,m2) = (1, 1), M± are both isometric to RP 2 with constant
Gaussian curvature; for g = 6 and (m1,m2) = (1, 1), M± are diffeomor-
phic to S3 × RP 2 (see, for example, [Miy13]).
Further, we consider the minimal products of minimal submanifolds
in §4 and gain
Theorem 3. Cones over the minimal products of focal submanifolds
of isoparametric foliations with g = 3, 4, 6 and (m1,m2) 6= (1, 1) are
area-minimizing.
Theorem 4. Cones, of dimension no less than 10, over the minimal
products of focal submanifolds are area-minimizing.
We continue to study cones over products among focal submanifolds
and minimal isoparametric hypersurfaces. In particular, we show
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Theorem 5. Cones, of dimension no less than 37, over the minimal
products among focal submanifolds and minimal isoparametric hyper-
surfaces are area-minimizing.
The paper is organized as follows. In §2 we review some fundamental
results related to the topic of our paper. In §3.1 we briefly go through
the ideas of Lawlor’s curvature criterion and apply it to cones over focal
submanifolds in §3.2 and §3.3 for g = 4 and g = 3, 6 respectively. In §4,
we first consider the minimal products of two focal submanfolds with
g = 3, 4, 6, then the multiple case based on the observation Remark 4.1,
and finally include g = 2 with the aid of Lawlor’s results on cones over
products purely of spheres. Extending §4, the last section is devoted to
the case of products among minimal isoparametric hypersurfaces and
focal submanifolds. Our arguments heavily rely on the foliation struc-
tures.
2. Preliminaries
A closed (embedded) hypersurface M in the unit sphere Sn−1 ⊂
Rn is called isoparametric, by E. Cartan, if it has constant principal
curvatures. When M is isoparametric, so are its parallel hypersurfaces.
In this way, a foliation of hypersurfaces appears with two exceptional
leaves − focal submanifolds of higher codimensions. It is well known
that there is one and only one minimal hypersurface among parallel
isoparametric hypersurfaces of an isoparametric foliation.
Let ξ be a unit normal vector field along M , g the number of distinct
principal curvatures of M , cot θα (α = 1, · · · , g; 0 < θ1 < · · · < θg < pi)
the principal curvatures with respect to ξ and mα the multiplicity of
cot θα. By a purely topological method, Mu¨nzner proved an elegant
result that g must be 1, 2, 3, 4 or 6 and mα = mα+2 (indices mod g).
According to values of g, we have the followings.
g = 1. The foliation is trivial, namely given by level sets of a height
function restricted to Sn−1 with respect to a nonzero direction in Rn.
g = 2. Regular leaves are of type Sp×Sn−2−p and the corresponding
focal submanifolds are great spheres Sp and Sn−2−p.
g = 3. m1 = m2 = m3 has to take values among 1, 2, 4 and 8. Car-
tan [Car39] showed that these are homogeneous foliations. Moreover,
all the isoparametric hypersurfaces are precisely the tubes of constant
radius over the standard Veronese embedding of FP 2 for F = R, C, H
(quaternions), O (Cayley numbers) in S4, S7, S13, S25, respectively.
g = 6. m1 = m2 = m by Mu¨nzner [Mu¨n80] and m has to be 1 or 2 by
Abresch [Abr83]. For m = 1, Dorfmeister and Neher [DN85] proved that
the foliation is homogeneous. Very recently, Miyaoka [Miy13, Miy16]
established the same conclusion for m = 2.
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g = 4. By recent beautiful results of Cecil-Chi-Jensen [CCJ07] and
Chi [Chi], the classification finally gets complete. Such a foliation must
be either of OT-FKM type or homogeneous with (m1,m2) = (2, 2) or
(4, 5). Here the OT-FKM type means that leaves of the foliation are
given by
Mt = F
−1(t)
⋂
Sn−1 for t ∈ [−1,+1]
where
F(x) = < x, x >2 −2
m∑
i=0
< Pix, x >
2, m ≥ 1
for self-adjoint endomorphisims Pi : Rn ! Rn, for i = 0, · · · ,m, with
relation PiPj + PjPi = 2δijId. Such structure exists only when n = 2l
and l = kδ(m) (see [FKM81]). Its multiplicities satisfy (m1,m2) =
(m, l −m− 1).
The first inhomogeneous foliation of OT-FKM type occurs when
(m1,m2) = (3, 4). For all other inhomogeneous foliations, 3 ≤ m1 < m2
and m1 + m2 ≥ 11. Theorem 2 of [FK85] states that each inhomoge-
neous minimal isoparametric hypersurface M∗ of OT-FKM type spans
a minimizing hypercone
C(M∗) = {tx : x ∈M∗ and t ∈ [0,∞)}.
In fact their argument works for all minimal isoparametric hypersurface
of OT-FKM type with m1 +m2 ≥ 11.
Combined with the above classification theorem of isoparametric fo-
liations, Theorem 2 of [FK85] and classification on homogeneous mini-
mizing hypercones confirm the classification in [Wan94].
Theorem. ([Wan94]) Let M∗ be a minimal isoparametric hypersur-
face in Sn−1 with g ≥ 2. Then C(M∗) is minimizing if and only if
n ≥ 4g and (g,m1,m2) 6= (2, 1, 5) or (4, 1, 6).
Here is a table of homogeneous minimal hypercones about their being
minimizing, stable minimal, and unstable minimal, according to values
of (g,m1,m2) (cf. [Law91,MO09,Zha16]).
(g,m1,m2) Type of M
∗ Strongest minimality of C(M
∗) among
Minimizing Stable Unstable
g = 1 Sn−2 X
(2, p, n− 2− p) Sp × Sn−2−p n = 8, p 6= 1, 5;
n > 8
n = 8, p = 1, 5 n < 8
Continued on next page
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Continued from previous page
(g,m1,m2) Type of M
∗ Strongest minimality of C(M
∗) among
Minimizing Stable Unstable
(4, 1, p− 2) SO(p)×SO(2)SO(p−2)×Z2 p > 8 p = 8 3 ≤ p ≤ 7
(4, 2, 2p− 3) S(U(p)×U(2))SU(p−2)×T 2 p ≥ 4 p = 2, 3
(4, 4, 4p− 5) Sp(p)×Sp(2)Sp(p−2)×Sp(1)2 p ≥ 2
(4, 4, 5)
U(5)
SU(2)×SU(2)×T 1 X
(4, 6, 9)
Spin(10)·T
SU(4)·T X
(3, 1, 1)
SO(3)
Z2+Z2 X
(3, 2, 2)
SU(3)
T 2 X
(3, 4, 4)
Sp(3)
Sp(1)3 X
(3, 8, 8) F4Spin(8) X
(4, 2, 2)
SO(5)
T 2 X
(6, 2, 2) G2T 2 X
(6, 1, 1)
SO(4)
Z2+Z2 X
For a minimal isoparametric hypersurface M∗, by §4.3 of [Law91],
Lawlor’s criterion about C(M∗) is not only sufficient but also necessary
for its being minimizing. What is more, whenever the criterion applies,
the cone becomes strictly area-minimizing automatically. Hence the
next statement follows.
Proposition. ([Wan94]) Let M∗ be a minimal isoparametric hyper-
surface in Sn−1. Then C(M∗) is minimizing if and only if it is strictly
area-minimizing.
3. Cones over focal submanifolds
It is well known that focal submanifolds of isoparametric foliations
are minimal submanifolds in spheres. They generate minimal cones.
Based on their special second fundamental forms, we shall employ the
curvature criterion of Lawlor.
To be self-contained, we briefly review Lawlor’s method in §3.1. A
proof of Theorem 1 will be given in §3.2. Along the same line, homoge-
neous cases for g = 3 and 6 will be discussed in §3.3.
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3.1. Curvature criterion of Lawlor. Let us mention some notations
and concepts.
Definition 3.1. Let B be a submanifold of dimension k− 1 in Sn−1
and C = C(B). Fix p ∈ B. Let Nn−k be the (n − k)-dimensional
great sphere which intersects B at p orthogonally. For 0 < η < pi,
denote by Up(η) the open η-disk centered at p in N
n−k. Then Wp(η) =
C(Up(η)) is called the η-normal wedge through p. Conventionally, we
leave out the origin, so that one can talk about “nonintersecting normal
wedges”. We name
⋃
p∈BWp(η) the η-angle neighborhood of C. The
normal radius of C at p means the largest angular radius η for Wp(η)
intersecting C only in the ray
−!
0p.
η-normal wedges of a cone
Since the characterization foliation for an area-minimizing hypercone
in [HS85] has the property of homothety, so do its perpendicular inte-
gral curves (outside the origin). The latter naturally induces an area-
nonincreasing projection for hypersurfaces to the cone. Instead, Lawlor
looked for similar structure in some η-angular neighborhood of a min-
imal cone C rather than in Rn. If the boundary of the neighborhood
happens to be mapped to the origin under the projection, then one can
send everything outside the neighborhood to the origin. In this way
an area-nonincreasing projection can be produced. For higher codimen-
sions, Lawlor considered the structure given by rotation of a suitable
curve γp in each normal wedge Wp(η) for p ∈ B. Positive homotheties
of the surface rotated by γp are required to foliate the normal wedge.
Under the assumption that elements of {Wp(η) : p ∈ B} do not intersect
each other, the existence of preferred area-nonincreasing projection in
the η-angular neighborhood is equivalent to that the ordinary differen-
tial inequality:(
h(t)− t
k
h′(t)
)2
+
(
h′(t)
k
)2
≤
(
det(I − thνij)
)2
, h(0) = 1,
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where t = tan(θ) for θ ∈ [0, η) and the (k − 1) × (k − 1) matrix (hνij)
means the second fundamental form of B at p for a unit normal ν in
Sn−1, has a solution which can reach zero for each ν. Letting ν range
over all unit normals at p, the requirement becomes that
(1)
(
h(t)− t
k
h′(t)
)2
+
(
h′(t)
k
)2
≤
(
q(t)
)2
, h(0) = 1,
or equivalently,
k
t2 + 1
(
th−
√
(t2 + 1)q2(t)− h2
)
≤ h′(t)
≤ k
t2 + 1
(
th+
√
(t2 + 1)q2(t)− h2
)
, h(0) = 1,
(2)
where q(t) = infν det(I − thνij) = 1 + q2t2 + · · · , supports a solution
which reaches zero. It can be seen that the solution h0(t) which attains
zero fastest, if exists, must satisfy
(3) h′0(t) =
k
t2 + 1
(
th0 −
√
(t2 + 1)q2(t)− h20
)
, h0(0) = 1.
Definition 3.2. Suppose h0(t) gets zero at t = tan(θ0(p)). We call
θ0(p) the vanishing angle at p and θ0 = maxp∈B θ0(p) the vanishing
angle of C.
θ0 stands for the narrowest (uniform) size for the preferred area-
nonincreasing projection. Hence, there will be two things to check to
apply Lawlor’s criterion:
1. There exists a finite vanishing angle θ0. Here we would like to
remark that in general (1) and (3) may support no solutions which can
touch zero.
2. The θ0-normal wedges do not intersect.
A technical point is how to control q(t) in practice. Corollary 1.3.3
in [Law91] says that, for M = k − 1 ≥ 2 and t ∈ [0, 1α
√
M
M−1 ],
(4) det(I − thνij) ≥ F (α, t,M )
where
F (α, t,M ) =
(
1− αt
√
M − 1
M
)(
1 +
αt√
M (M − 1)
)M−1
,(5)
α = sup
ν
‖(hνij)‖ = sup
ν
√∑
i,j
(hνij)
2.(6)
The inequality is sharp; for certain matrices, equality holds for all t.
(For example, for the classical coassociative Lawson-Osserman cone in
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R7, see [XYZ18].) Note that the expression F (α, t,M ) is nonincreasing
in M . Limiting M !∞ leads to Corollary 1.3.4
(7) det(I − thνij) ≥ F (α, t, k − 1) > (1− αt)eαt.
Based on (4) and (7), Lawlor considered
h′(t) =
k
t2 + 1
(
th−√(t2 + 1)(F (α, t, k − 1))2 − h2) , h(0) = 1;(8)
h′(t) =
k
t2 + 1
(
th−√(t2 + 1)((1− αt)eαt)2 − h2) , h(0) = 1,(9)
respectively. Let θF (p) and θc(p) be the corresponding vanishing angles.
Then
θ0(p) ≤ θF (p) < θc(p).
Lawlor gained the following table of upper bounds of vanishing angles
for dim(C) and α2.
Table of upper bounds of vanishing angles
Here are some notes for the table:
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- The column for dim(C) = 12 uses (9), while others rely on (8).
- The asterisk *** in the table indicates that a solution of the O.D.E
exists in some interval [0, θ], but the vanishing angle based on the
method does not exist in general.
- However, since the equality of (4) and (7) may not be attained,
slots filled with “***” could still support actual vanishing angles.
- Values in parentheses are tentative, pending on more numerical
analysis.
Generally, using (8) gives more accurate data. Nevertheless, (9) has
a key advantage, Proposition 1.4.2 in [Law91]:
Let k be the dimension of a minimal cone under consideration, α
explained in (6), and θc(k, α) the vanishing angle for (9) depending on
k and α. Then for any ` > k,
(10) tan(θc(`,
`
k
α)) <
k
`
tan(θc(k, α)).
One can use this property to estimate vanishing angles for dim(C) >
12. Another useful property is the following monotonicity:
(11) 0 < θc(k, α) < θc(k, β) for 0 ≤ α < β
which comes from the monotonicity of (1 − αt)eαt in α. Similarly, one
has θF (k, α) for (8) and the monotonicity
(12) 0 < θF (k, α) < θF (k, β) for 0 ≤ α < β.
Now we are ready to proceed.
3.2. Case for g = 4. Let M+ and M− be focal submanifolds of an
isoparametric foliation with g = 4. The main points of Proof of The-
orem 1 are:
1. pi4 -normal wedges of C(M+) (or C(M−)) are nonintersecting.
2. In the isoparametric setting, θ0 only depends on k, α and we can
check everything merely at one point. If vanishing angle θ0 exists and
moreover is less than pi4 , then the cone is minimizing.
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3. Note that
√
x−2
x is strictly decreasing when x ≥ 4. So, for ` > k≥ 4,
we have √
`− 2
`
<
√
k − 2
k
⇒ √`− 2 < `
k
√
k − 2.
By (10), (11) and the table of upper bounds of vanishing angles, it
follows that
tan(θc(`,
√
`− 2)) < tan(θc(`, `
k
√
k − 2)) < k
`
tan(θc(k,
√
k − 2))
(when ` > k = 12) < tan(θc(12,
√
10)) < tan(9◦) < 1.
(13)
4. Hence, θ0 < θc(k, α) < 45
◦ for k ≥ 12 and α2 ≤ k−2. According to
Lawlor’s table, 0 < θ0 ≤ θF (k, α) < 45◦ for 7 ≤ k ≤ 11 and α2 ≤ k − 2.
Thus, when k ≥ 7 and α2 ≤ k − 2,
(14) 0 < θ0 < 45
◦.
5. For g = 4, M+ is of dimension m1 + 2m2, so k0 = dim(C(M+)) =
m1 + 2m2 + 1. A very delightful property of focal submanifolds is that,
for a point p of M+ and any unit normal ν at p to M+ in the sphere,
the second fundamental form for ν with respect to certain orthonormal
basis of TxM+ is (cf. [CR85])
(15)
 Im2 0 00 −Im2 0
0 0 Om1
 .
Hence
(16) α20 = 2m2 =⇒ α0 =
√
2m2 =
√
k0 − 1−m1 ≤
√
k0 − 2.
Therefore, when k0 ≥ 7, by (16), (13) and (14), the curvature criterion
applies and consequently C(M±) are minimizing.
6. When (m1,m2) = (1, 2), (k, α
2) equals (6, 4) for C(M+) and (5, 2)
for C(M−). The vanishing angle exists for the latter and < 27◦, whereas
the former seems subtle because of encountering “(***)”. Using the fact
infν det(1− thνij) = (1 + t)2(1− t)2 instead of the control F (2, t, 5), one
can figure out that vanishing angle for the former exists and is less than
25◦.
Thus, our proof of Theorem 1 is complete. 2
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3.3. Cases for g = 3 and 6. In both cases, m1 = m2 = m. Theorem
2 states precisely the following.
Theorem 2′. For (g,m) = (3, 2), (3, 4), (3, 8) or (6, 2), cones over focal
submanifolds are minimizing.
Proof. With respect to a unit normal vector at a point in a focal
submanfold, the second fundamental form (shape operator) would be
similar to (15). They are (cf. [CR85])
(17)
1√
3
· I2 0
0 − 1√
3
· I2
 ,

1√
3
· I4 0
0 − 1√
3
· I4
 ,

1√
3
· I8 0
0 − 1√
3
· I8

and
(18)

√
3 · I2 0 0 0 0
0 −√3 · I2 0 0 0
0 0
1√
3
· I2 0 0
0 0 0 − 1√
3
· I2 0
0 0 0 0 O2

respectively. Hence (k, α2) = (5, 43), (9,
8
3), (17,
16
3 ) and (11,
40
3 ). Accord-
ing to Lawlor’s table and (10), vanishing angle θ0 exists and < 30
◦ for
each of them. Namely, the θ0-normal wedges over the focal submani-
fold under consideration are nonintersecting. So the statement stands.
q.e.d.
Remark 3.3. For (g,m) = (3, 1), (k, α2) = (3, 23) and (g,m) =
(6, 1), (k, α2) = (6, 203 ), we cannot apply the estimate in the table.
4. Cones over products of focal submanifolds
We introduce the minimal product of two minimal submanifolds in
spheres by illustration for focal submanifolds in §4.1. Detailed estimates
for the normal radius and the vanishing angles are exhibited in §4.2 and
§4.3 respectively. To apply the curvature criterion we make comparisons
in §4.4. Since the minimal product can also be defined for multiple
minimal submanifolds, considerations are given for that situation in
§4.5. Finally, the case involving g = 2, for which focal submanifolds are
geodesic spheres, is discussed in §4.6.
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4.1. Minimal product. Given two focal submanifolds f1 : M
k1
1 ↪!
Sn1 and f2 : M
k2
2 ↪! S
n2 for isoparametric foliations of unit spheres,
with g1, g2 respectively, define an embedding G : M , Mk11 ×Mk22 !
Sn1+n2+1 by
(x, y) 7! (λf1(x), µf2(y)), with λ =
√
k1
k1 + k2
and µ =
√
k2
k1 + k2
.
We write x and y short for f1(x) and f2(y). Together with η0 =
(µx,−λy), orthonormal bases {σ1, · · · , σn1−k1} and {τ1, · · · , τn2−k2} of
T⊥x M1 and T⊥y M2 induce an orthonormal basis {(σ1, 0),· · · , (σn1−k1 , 0),
(0, τ1),· · · , (0, τn2−k2), η0} of the normal space of G(M) at P , (λx, µy)
in Sn1+n2+1.
Let A be the symbol of shape operators. Then A(σi,0), A(0,τj) :
TPM ! TPM , Aσi : TxM1 ! TxM1 and Aτj : TyM2 ! TyM2 have
the following relations:
A(σi,0) =
(
1
λ
Aσi O
O O
)
,
and
A(0,τj) =
O O
O
1
µ
Aτj
 .
Also note that there are three Levi-Civita connections
M ↪−! Sn1+n2+1 ↪−! Rn1+n2+2
∇ ∇ D
and, for tangent vector fields X = (X1, X2) and Y = (Y1, Y2) around P ,
we have
< Aη0X,Y > = < ∇XY −∇XY, η0 >
= < DXY, η0 >
= − < DXη0, Y >
= − < D(X1,X2)(µx,− λy), Y >
= < (−µ
λ
X1,
λ
µ
X2), (Y1, Y2) > .
Therefore,
Aη0 =
−
µ
λ
Ik1 O
O
λ
µ
Ik2

and trace(Aη0) = 0. These imply that G minimally embeds M into
Sn1+n2+1. We call G(M) the minimal product of M1 and M2.
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4.2. For normal radius. At P = (λx, µy) ∈M , let
N =
(
a1ξ1 + a0µx, a2ξ2 − a0λy
)
, a0, a1, a2 ∈ R
where ξ1 is a unit normal to M1 at x in S
n1 and ξ2 a unit normal to M2
at y in Sn2 , such that ω , ‖N‖ attains the smallest (nonzero) for
Q = P +N ∈ the cone C(M).
Figure 1. Q and fake Q
Let φ , arctanω. There are three possibilities to consider for smallest
ω. If none of (I), (II) and (III) below give a finite ω, we define φ = pi2 .
Suppose φ < pi2 (the actual situation for g1, g2 ∈ {3, 4, 6}). Then
Q =
(
a1ξ1 + (a0µ+ λ)x, a2ξ2 + (−a0λ+ µ)y
)
.
(I). a1 · a2 6= 0.
Recall that ([CR85]) along any normal geodesic of M1 in S
n1 , it
takes length pig1 to arrive at its pairing focal submanifold. So before
2pi
g1
it cannot get back to M1. The same holds for M2 in S
n2 . As a
consequence,
a21 + (a0µ+ λ)
2
λ2
=
a22 + (µ− a0λ)2
µ2
;
a0µ+ λ
a1
= cotφ1, where φ1 ∈
2pi
g1
· Z ;
µ− a0λ
a2
= cotφ2, where φ2 ∈
2pi
g2
· Z .
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Since a1a2 6= 0, it indicates that φ1, φ2 cannot belong to pi·Z. Therefore,
we can have
a21
λ2 sin2 φ1
=
a22
µ2 sin2 φ2
, t2,
so that a1 = tλ sinφ1 and a2 = ±tµ sinφ2. Thus,{
a0µ+ λ = tλ cosφ1
µ− a0λ = ±tµ cosφ2
and consequently, by the relation λ2 + µ2 = 1, we have
(19)
{
1 = t(λ2 cosφ1 ± µ2 cosφ2),
a0 = tλµ(cosφ1 ∓ cosφ2).
Now
ω2 = a21 + a
2
2 + a
2
0 = t
2[λ2 sin2 φ1 + µ
2 sin2 φ2 + λ
2µ2(cosφ1 ∓ cosφ2)2],
which, together with (19), produces
(20)
ω2(λ2 cosφ1±µ2 cosφ2)2 = [λ2 sin2 φ1+µ2 sin2 φ2+λ2µ2(cosφ1∓cosφ2)2].
By adding (λ2 cosφ1 ± µ2 cosφ2)2 to both sides of (20), we have
(ω2 + 1)(λ2 cosφ1 ± µ2 cosφ2)2
= [λ2 sin2 φ1 + µ
2 sin2 φ2 + λ
2 cos2 φ1 + µ
2 cos2 φ2](21)
= 1.
To seek for the smallest ω, we consider the chance
(22) ω2 =
(
1
λ2| cos 2pig1 |+ µ2| cos 2pig2 |
)2
− 1.
Notice that g1, g2 ∈ {3, 4, 6}. By ranges of φ1 and φ2,
(23) ω2 ≥
(
1
λ2 · 12 + µ2 · 12
)2
− 1 = 3.
Remark. In fact, when g1 = g2 = 4, (22) generates infinity. However,
in this case, the realizable (28) below asserts the finiteness of tan2 φ.
(II). a1 6= 0, a2 = 0. (Similar for a1 = 0, a2 6= 0.)
We have two restrictions
a21 + (a0µ+ λ)
2
λ2
=
(µ− a0λ)2
µ2
,
a0µ+ λ
a1
= cotφ1, where φ1 ∈
2pi
g1
· Z .
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As argued in (I), φ2 cannot belong to pi · Z and assume
(24)
a21
λ2 sin2 φ1
=
(µ− a0λ)2
µ2
, t2,
so that
(25)
{
a1 = tλ sinφ1,
µ− a0λ = ±tµ.
Similarly,
(26) a0µ+ λ = tλ cosφ1
and
(27) (ω2 + 1)(λ2 cosφ1 ± µ2)2 = 1.
Again, for the smallest ω, we focus on the likelihood
(28) ω2 =
(
1
λ2| cos 2pig1 |+ µ2
)2
− 1.
By the range of φ1,
(29) ω2 ≥
(
1
λ2 · 12 + µ2
)2
− 1.
(III). a1 = a2 = 0.
In this case, Q =
(
(a0µ+ λ)x, (−a0λ+ µ)y
)
∈ C(M) which implies
(30)
(a0µ+ λ)
2
λ2
=
(µ− a0λ)2
µ2
.
Recall that λ =
√
k1
k1 + k2
and µ =
√
k2
k1 + k2
. It is not hard to see
that, only when λ 6= µ, there is a finite solution
a0 =
2
√
k1k2
k1 − k2 ,
and possibly
(31) ω2 =
4k1k2
(k1 − k2)2 .
Hence, taking the possible occurrence of fake Q in Figure 1 into ac-
count, tan2 φ is no less than, by definition, the smallest quantity in (23),
(29) and (31).
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4.3. Existence of vanishing angles. Let ξ1, ξ2 be unit normals to
M1 and M2 at x and y in S
n1 and Sn2 , and Aξ1 , Aξ2 the corresponding
shape operators respectively. Set
η1 =
(
ξ1, 0
)
,
η2 =
(
0, ξ2
)
,
η0 =
(
µx, −λy).
Then, for a unit normal ς ,
2∑
i=0
ciηi with
2∑
i=0
c2i = 1, the shape operator
Aς of M at (λx, µy) in S
n1+n2+1(1) is 1λ(−c0µIk1 + c1Aξ1) O
O
1
µ
(c0λIk2 + c2Aξ2)
 .
Since M1 and M2 are minimal, trace(Aξ1) = 0 and trace(Aξ2) = 0. Set
S , dim(M) = k1 + k2. It follows that
‖Aς‖2 = c20S + c21
S
k1
‖Aξ1‖2 + c22
S
k2
‖Aξ2‖2.(32)
Observations from (15), (17) and (18) show that (same for (m1,m2) =
(1, 1))
if Mi corresponds to g = 3, then ‖Aξi‖2 =
ki
3
;
if Mi corresponds to g = 4, then ‖Aξi‖2 ≤ ki − 1;
if Mi corresponds to g = 6, then ‖Aξi‖2 =
4
3
ki.
Thus, by expression (32), we always have
(33) ‖Aς‖2 ≤ 4
3
S.
For S = 8, 9 or 10 and α2 ≤ 43S, vanishing angle θF (S + 1, α) exists
according to Lawlor’s table and the fact that θF (9,
√
32
3 ) < 18
◦.
When S ≥ 11, we seek for the existence of vanishing angle θc. Note
that, when the dimension of a cone equals 12, Lawlor’s table confirms
the existence of θc for α
2 ≤ 19. Recall (10): for ` > k
(34) tan(θc(`,
`
k
α)) <
k
`
tan(θc(k, α)).
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Since
x2
x− 1 is strictly increasing for x ≥ 2, one can find that, when
` > k ≥ 2,
( `αk )
2
`− 1 =
`2α2
k2(`− 1) >
α2
k − 1 .(35)
Take (k, α2) = (12, 19) and fix ` > 12. Then θc(12,
√
19) in the latter
term of (34) exists, and so does θc(`,
`
12
√
19). By monotonicity (11),
if α˜2 ≤ ( `
√
19
12 )
2, θc(`, α˜) exists. In particular, according to (35), the
existence of θc(`, α˜) for α˜
2 = 43(`−1) < 1911(`−1) < ( `
√
19
12 )
2 is guaranteed.
As a result, θc
(
S + 1,
√
4
3S
)
exists for S ≥ 11.
Hence, θF and θ0 always exist for S ≥ 8.
4.4. Comparison between φ and 2θ0. If we can get
(?) 2θ0 < φ
by the relation given at the end of §4.2, then the curvature criterion
applies and the corresponding cone is area-minimizing.
For our purpose, let us make some observations about φ. By Appen-
dix, it follows that
(36)
min
{
3,
4k1k2
(k1 − k2)2
}
> min

(
1
λ2 · 12 + µ2
)2
− 1,
(
1
λ2 + µ2 · 12
)2
− 1
 .
Assume that k1 ≤ k2 from now on. One can see that(
1
λ2 + µ2 · 12
)2
− 1 ≥
(
1
λ2 · 12 + µ2
)2
− 1.
Hence,
tan2 φ ≥
(
1
λ2 · 12 + µ2
)2
− 1,
and therefore
(37) cosφ ≤ 1− k1
2S
.
Remark 4.1. Since t in §4.2 is allowed to be negative, our compu-
tations include the possibility of fake Q. It implies that the upper bound
1− k12S is in fact uniform for |cosφι| where φι corresponds to any inter-
section point (if existed other than ±P ) of the submanifold G(M1×M2)
and a great circle perpendicular to it through P .
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Now we can prove a weak version of Theorem 3.
Theorem 3′. Cones over the minimal products of two focal submani-
folds of isoparametric foliations with g = 3, 4, 6 and (m1,m2) 6= (1, 1)
are area-minimizing.
Proof. Note that 4 ≤ k1 ≤ k2 in the case. Since θF (S + 1,
√
4
3S)
exists for S ≥ 8, we have, by (4), (5), (8), (12) and (33), that
(38) tan θ0 ≤ tan θF (S + 1,
√
4
3
S) <
1√
4
3S
√
S
S − 1 =
√
3
2
√
1
S − 1 .
Then
tan 2θ0 <
4
√
3(S − 1)
4S − 7 .
According to
tan2 φ ≥
 1
1− k1
2S

2
− 1 ≥
 1
1− 4
2S

2
− 1
=
4(S − 1)
(S − 2)2 >
3(S − 1)
(S − 74)2
> tan2 2θ0 ,
(39)
we have (?) and thus complete the proof. 2
Let us assume S ≥ 11 and figure out when (?) holds. Note that
tan
[
θc(12,
√
44
3
)
]
< tan 9.55◦ < 0.1683.
Combined with (34), (35) and (11), the existence of θc
(
S + 1,
√
4
3
S
)
leads to
(40) tan θ0 < tan
[
θc
(
S + 1,
√
4
3
S
)]
<
12
S + 1
tan
[
θc
(
12,
√
44
3
)]
.
Then
tan 2θ0 <
2 · 12
S + 1
· 0.1683
1−
(
12
S + 1
· 0.1683
)2 .
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Hence, with the agreement that k1 ≤ k2, it is sufficient to see when
(41)
tan2 φ ≥
 1
1− k1
2S

2
− 1 ≥
 2 ·
12
S + 1
· 0.1683
1−
(
12
S + 1
· 0.1683
)2

2
> tan2 2θ0 ,
or equivalently,(
k1S − k
2
1
4
)[
(S + 1)2 − (12 ∗ 0.1683)2]2
−
(
S − k1
2
)2
[24(S + 1) ∗ 0.1683]2≥0.
(42)
Based on the analysis, we get a weak version of Theorem 4.
Theorem 4′. Cones, of dimension no less than 10, over the minimal
products of two focal submanifolds with g = 3, 4, 6 are area-minimizing.
Proof. When k1 ≥ 4, a proof is given in that of Theorem 3. Con-
sider now that k1 = 2 and 3. To determine the sign of polynomial (42),
we run the following codes in Mathematica:
and it can be seen that, whenever S ≥ 11 for (40), we have (42) hold.
Let us check the cases of S = 9, 10 for k1 = 2 (which can imply
the cases for k1 = 3). By Lawlor’s table, θF (10,
√
12) < 13.51◦ and
θF (11,
√
40
3 ) < 11.35
◦. Then direct computations show that tan2 φ ≥
( 1
1− 1
9
)2−1 > tan2 27.02◦ and tan2 φ ≥ ( 1
1− 1
10
)2−1 > tan2 22.70◦ respec-
tively. So, φ > 2θF and the proof gets complete. 2
4.5. Extension to the multiple case. In this subsection, we explain
ideas of extending Theorem 3′ and Theorem 4′ to products of three focal
submanifolds with restriction of each g ∈ {3, 4, 6}. Case involving more
components can be similarly done by induction. In particular, Theorem
3 will be proved.
Given three focal submanifolds f1 : M
k1
1 ↪! S
n1 , f2 : M
k2
2 ↪! S
n2
and f3 : M
k3
3 ↪! S
n3 for isoparametric foliations of unit spheres. Define
G˜ : M˜ ,Mk11 ×Mk22 ×Mk33 ! Sn1+n2+n3+2(1) by
(x, y, z) 7! (λ′f1(x), µ′f2(y), τ ′f3(z)), with
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λ′ =
√
k1
k1 + k2 + k3
, µ′ =
√
k2
k1 + k2 + k3
and τ ′ =
√
k3
k1 + k2 + k3
.
Then G˜ : M˜ ↪! Sn1+n2+n3+2(1) is a minimal embedding, which follows
from that
M1×M2×M3 ∼= (M1×M2)×M3, and G˜(x, y, z) = G(G(x, y), z)
where map G is given for two minimal submanifolds at the beginning
of this section.
Let S˜ = k1+k2+k3. With the above understanding, it easily follows,
from expressions (33) and (32), that the norm square of shape operator
of M˜ at every point for any unit normal is no more than 43 S˜. Hence,
vanishing angles θ˜F and θ˜0 corresponding to that in §4.3 and those in
proofs of Theorem 3′ and Theorem 4′ exist.
Without loss of generality, assume that k1 ≤ k2 ≤ k3. Let φ and φ˜ be
the normal radii of M1 ×M2 in Sn1+n2+1(1) and M˜ in Sn1+n2+n3+2(1)
respectively. We stick to the notation S = k1 + k2. Set λ˜ =
√
S
S˜
and
µ˜ =
√
k3
S˜
. Then, applying the discussions of (I), (II) and (III) to
(M1 ×M2)×M3, we have, according to Appendix and Remark 4.1 (in
§4.4), that
tan2 φ˜ ≥ min

(
1
λ˜2 cosφ+ µ˜2
)2
− 1,
(
1
λ˜2 + µ˜2 · 12
)2
− 1

≥
(
1
λ˜2(1− k12S ) + µ˜2
)2
− 1.
(43)
Hence, we gain an inheritable relation
(44) cos φ˜ ≤ 1− k1
2S˜
where the upper bound has the uniform property as in Remark 4.1.
Based on the proofs of Theorem 3′ and Theorem 4′, it then follows
correspondingly that
(45) tan2 φ˜ ≥
 1
1− k1
2S˜

2
− 1 > tan2 2θ˜F ≥ tan2 2θ˜0.
The descendent (44) and the coupled property in Remark 4.1 are
crucial for this procedure to be valid for the induction on the number
of focal submanifolds.
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4.6. To include g = 2. Due to the distinct behaviors of corresponding
focal submanifolds, we save the discussions about g = 2 separately and
accomplish the proof of Theorem 4 in this subsection. Since the case of
products purely of spheres has been classified by [Law91], we only con-
sider the mixed type. More explicitly, let Mk11 , · · · , Mkrr be focal sub-
manifolds in spheres corresponding to g ∈ {3, 4, 6}, and N l11 , · · · , N lss
focal submanifolds for g = 2. Then M = Mk11 ×· · ·×Mkrr ×N l11 ×· · ·×N lss
with r, s ≥ 1 is what we are concerned about.
(A). M = (Mk11 × · · · ×Mkrr ) × N l11 . Namely r ≥ 1 and s = 1.
Denote by φˆ the normal radius of the minimal submanifold M in the
sphere. Assume that k1 ≤ · · · ≤ kr and set K = k1 + · · · + kr. Then
(I), (II) and (III) give a lower bound
min

(
1
K
K+l1
(1− k12K ) + l1K+l1
)2
− 1, 4Kl1
(K − l1)2
 .
of tan2 φˆ. Although the last term of the following has no apparent
geometric meaning in the current case, one can deduce from Remark .1
that
tan2 φˆ ≥ min

(
1
1− k12(K+l1)
)2
− 1,
(
1
1− l1+1K+l1
)2
− 1
 .
Therefore,
(46) tan2 φˆ ≥
 1
1− min {k1, 2(l1 + 1)}
2(K + l1)

2
− 1.
(B). M = (Mk11 × · · · ×Mkrr ) × (N l11 × · · · × N lss ) with r ≥ 1 and
s ≥ 2. We use symbols φ0 and φˆ to represent the normal radii of
minimal products N l11 × · · · ×N lss and M in the corresponding spheres,
respectively. Assume that l1 ≤ · · · ≤ ls and set L = l1 + · · · + ls.
Then, according to §5.1 of [Law91], φ0 = cos−1
(
1− 2l1L
)
. Also note
that the minimal N l11 × · · · ×N lss is symmetric about the origin. Hence,
cosφ0 = 1 − 2l1L has the uniform upper bound property mentioned in
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Remark 4.1. Therefore,
tan2 φˆ
≥ min

(
1
K
K+L(1− k12K ) + LK+L
)2
− 1,
(
1
K
K+L +
L
K+L(1− 2l1L )
)2
− 1

=
 1
1− min {k1, 4l1}
2(K + L)

2
− 1.
(47)
Observe that, by induction, the relation (32) can lead to the same
result as (33) for M . Thus, by comparing (46) and (47) with (39), (41)
and (45), we can include g = 2 in Theorem 4 under the same dimension
assumption with no restriction on l1.
As a conclusion remark of this section, we point out that, if M =
Mk11 ×N l11 × · · · ×N lss of dim(M) = 8, the condition k1 ≥ 4 is sufficient
for C(M) to be minimizing in the corresponding Euclidean space.
5. Cones over products of minimal isoparametric
hypersurfaces and mixed type
In this section we shall consider the case of products of minimal
isoparametric hypersurfaces following the ideas in §4 and Theorem 5
will be proved.
An important result of Mu¨nzner [Mu¨n80] states that, in our notations
in §2 for an isoparametric hypersurface of dimension d,
(48) θα = θ1 +
α− 1
g
pi, for 1 ≤ α ≤ g.
Consequently, it follows that (for example, see [TY13]) for the unit
normal vector field ξ towards M+
(49) d ·H =
g∑
α=1
mα cot θα =
{
m1g cot(gθ1) for g odd,
m1g
2 cot
gθ1
2 − m2g2 tan gθ12 for g even,
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where H represents the mean curvature. So for a minimal isoparametric
hypersurface,
(50) θ1 =

pi
2 g = 1,
arctan
√
m1
m2
g = 2,
pi
6 g = 3,
1
2 arctan
√
m1
m2
g = 4,
pi
12 g = 6.
Hence, the normal radius
(51) φ =

pi g = 1,
min{2θ1, pi − 2θ1} g = 2,
pi
3 g = 3,
min{2θ1, pi2 − 2θ1} g = 4,
pi
6 g = 6.
Alternatively,
(52) cosφ =

0 g = 1,
1− 2min{m1, m2}m1+m2 g = 2,
1
2 g = 3,√
1− min{m1, m2}m1+m2 g = 4,√
3
2 g = 6.
By
√
1− min{m1, m2}m1+m2 < 1− 12
min{m1, m2}
m1+m2
, it can be concluded that
(53) cosφ ≤ 1− 1
2d
.
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Next, we compute the pointwise norm square α2 of the second fun-
damental form.
g = 1, α2 = 0,
g = 2, α2 = m1 cot
2 θ1 +m2 tan
2 θ1 = m2 +m1 = d,
g = 3, α2 = m1(cot
2 pi
6
+ cot2
3pi
6
+ cot2
5pi
6
) = 6m1 = 2d,
g = 4, α2 = m1(cot
2 θ1 + tan
2 θ1) +m2(cot
2(θ1 +
pi
4
) + tan2(θ1 +
pi
4
))
= m1
(
1− 2 cos2 θ1 sin2 θ1
cos2 θ1 sin
2 θ1
)
+m2
(
1− 2 cos2(θ1 + pi4 ) sin2(θ1 + pi4 )
cos2(θ1 +
pi
4 ) sin
2(θ1 +
pi
4 )
)
= m1
(
4
sin2 2θ1
− 2
)
+m2
(
4
cos2 2θ1
− 2
)
= m1
(
2m1 + 4m2
m1
)
+m2
(
4m1 + 2m2
m2
)
= 6(m1 +m2) = 3d,
g = 6, α2 = m1
(
5∑
i=0
cot2(
pi
12
+
ipi
6
)
)
= 30m1 = 5d.
In summary,
(54) α2 = (g − 1)d ≤ 5d.
Assume Mk11 , · · · ,Mkss are minimal isoparametric hypersurfaces. Let
φˆ be the normal radius for the minimal product of M1 × · · · ×Ms, αˆ
the pointwise maximal norm of the second fundamental form in unit
normals, and Sˆ =
∑s
i=1 ki. Then, by (32) and (54),
(55) αˆ2 ≤ 5Sˆ.
We follow the idea in proving Theorem 3. If the vanishing angle θF (Sˆ+
1,
√
5Sˆ) exists, then similar to (38) we have
(56) tan θ0 ≤ tan θF (Sˆ + 1,
√
5Sˆ) <
1√
5Sˆ
√
Sˆ
Sˆ − 1 =
1√
5(Sˆ − 1)
,
and hence
(57) tan 2θ0 <
2 · 1√
5(Sˆ − 1)
1− 1
5(Sˆ − 1)
=
2
√
5(Sˆ − 1)
5Sˆ − 6 .
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By the arguments in §4 and (53) (compared with (37)), we get
(58) tan2 φˆ ≥
 1
1− 1
2Sˆ

2
− 1 = 4Sˆ − 1
(2Sˆ − 1)2 .
It is not hard to check that for Sˆ ≥ 5, tan2 φˆ > tan2 2θ0.
Now, the question becomes when θF exists? According to (35) and
(11), we focus on
(59)
(√
19(Sˆ + 1)
12
)2
≥ 5Sˆ,
with positive solutions Sˆ ≥ 36 which ensure the existence of θc (and
hence that of θF ). Therefore, cones, of dimension no less than 37, over
minimal products of minimal isoparametric hypersurfaces are minimiz-
ing.
By our arguments and the same relations exhibited in (53) and (55), it
is clear that cones, of dimension no less than 37, over minimal products
among minimal isoparametric hypersurfaces and focal submanifolds are
minimizing.
Remark. The number 37 can be improved by more careful calcula-
tions. For instance, see the proof of Theorem 4. Also, one can reduce
the number by restriction to a subset of minimal isoparametric hyper-
surfaces and focal submanifolds. There would be several combinations
and certain refinements according to the upper bounds of maximal norm
squares of second fundamental forms in unit normals.
Appendix
In §4.2 we figure out four quantity candidates to be a lower bound of
tan2 φ. To make arguments in §4.4, §4.5 and §4.6 simple, a proof of the
following useful inequality is given here.
Proposition 1. For a, b > 0 and a 6= b, we have
4ab
(a− b)2 > min
{(
a+ b
b
)2
− 1,
(
a+ b
a
)2
− 1
}
= min

(
1
1− aa+b
)2
− 1,
(
1
1− ba+b
)2
− 1
 .
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Proof. Assume b > a > 0. One has
4b3 > 3b3 > (b− a)2(2b+ a).
Hence,
4b
(a− b)2a >
2b+ a
b2
a =
(
a+ b
b
)2
− 1.
Similarly, for a > b > 0, it follows that
4a
(a− b)2 b >
2a+ b
a2
b =
(
a+ b
a
)2
− 1.
2
Remark .1. For integers p, q ≥ 1 and p 6= q, the above inequality
can be improved to
4pq
(p− q)2 ≥ min
{(
p+ q
q − 1
)2
− 1,
(
p+ q
p− 1
)2
− 1
}
= min

(
1
1− p+1p+q
)2
− 1,
(
1
1− q+1p+q
)2
− 1
 .
Here we think of a nonzero number divided by zero as infinity. More
precisely, when p > q ≥ 1,
4pq
(p− q)2 ≥
(
p+ q
p− 1
)2
− 1 =
(
1
1− q+1p+q
)2
− 1,
with equality if and only if q = 1.
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